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$M$ $S$ $M>|S|>0$ $M$ $S$
$DS\equiv N$ $(\mathrm{m}\mathrm{o}\mathrm{d} M)$ , $0<D<\sqrt{M}/2,0<|N|<\sqrt{M}/2$, (1)
$D$ $N$ $S$ $M$ $N/D$ $S$ $D,$ $N$







Binary Lehmer ([1] ) Sch\"onhage
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$N/D\equiv S(\mathrm{m}\mathrm{o}\mathrm{d} M)$ $S>0$ $N/D\equiv-S$ $(\mathrm{m}\mathrm{o}\mathrm{d} M)$ $S\geq M/2$
$N/D\equiv(S-M)\equiv-(M-S)(\mathrm{m}\mathrm{o}\mathrm{d} M)$ $S$
$M/2>S>0$ . (2)
(1) ( ) So $=M,$ $S_{1}=S$
$(S_{0}, S_{1}, S_{2}, \cdots, S_{n})$ $(C_{0}, C_{1}, C_{2}, \cdots, C_{n}),$ $(D_{0}, D_{1}, D_{2}, \cdots, D_{n})$ (
) :
$\{$
$Q_{:}:=\mathrm{q}\mathrm{u}\mathrm{o}$ ($S:-1$ , Si), $i=1\Rightarrow 2\Rightarrow\cdots\Rightarrow n-1$ ,
$S_{:+1}:=S_{i-1}-Q:S_{\dot{l}}$ (i.e., $S_{:+1}=\mathrm{r}\mathrm{e}\mathrm{m}(S_{1-1}.,$ $S:)$ ),
$C_{\dot{\iota}+1}:=C_{i-1}-Q_{i}C:$ , with $C\mathit{0}:=1$ and $C_{1}:=0$ ,
$D_{:+1}:=D_{*-1}.-Q_{i}D_{i}$ , with $D_{\mathrm{O}}:=0$ and $D_{1}:=1$ .
(3)
quo $\mathrm{r}\mathrm{e}\mathrm{m}$ quotient remainder
$C_{:}M+D_{:}S=S_{i}$ $(i=1,2, \ldots, n)$ . (4)
(2) $S_{j}$ $(S_{1}, S_{2}, \cdots, S_{n})$ $(|D_{1}|, |D_{2}|, \cdots, |D_{n}|)$
$s_{n}<\sqrt{M}/2$ $|D_{n}|<\sqrt{M}/2$ $D=|D_{n}|$
$N=\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}(D_{n})$ $S_{n}$ $D$ $N$
$i\geq 2$ $S_{i}$ Ci, $D_{:}$
$S_{i}>0$ , sign $(C_{\dot{l}})=(-1)^{i}$ , sign $(D_{i})=(-1)^{:+1}$ , (5)
$|C_{1}.|<|D_{1}.|$ , $|C_{i}|<|C_{i\dagger 1}|$ , $|C_{i}|<|C_{i+1}|$ , (6)
with exceptions $C_{2}\leq|D_{2}|$ , $C_{2}\leq|C_{3}|$ ,
$\{$
$S_{0}=|D:|S_{\dot{l}}-1+|D_{i-1}|S_{\dot{*}}$ $\Rightarrow$ $|D:|<S_{0}/S_{i-1}$ ,








$S$ $B$ $k$ ( $B=2^{24}$
$B=10^{8}$ )
$S=s_{k}B^{k}+s_{k-1}B^{k-1}+\cdots+s_{1}B+s_{0}$ , $B>s_{i}\geq 0$ $(i=k, \ldots, 1,0)$ . (8)
$U$ $V$ $U>V\gg 1$ $M$ $S$ $\mathrm{f}\underline{\mathrm{f}\mathrm{l}/\mathrm{f}\mathrm{f}\mathrm{i}^{\neq}\langle}$ $2$
(um\neq 0)
$U=u_{m}B^{m}+u_{m-1}B^{m-1}+\cdots+u_{1}B+u0$ , $B>u:\geq 0$ $(i=m, \ldots, 1,0)$ ,
(9)
$V=v_{m}B^{m}+v_{m-1}B^{m-1}+\cdots+v_{1}B+v_{0}$ , $B>v_{i}\geq 0$ $(i=m, \ldots, 1,0)$ .
$U$ $V$ $m-m’$ $m’$
$U=U’B^{m’}+U’’$ , $U’=u_{m}B^{m-m’}+\cdots+u_{m’}$ , $U”=u_{m’-1}B^{m’-1}+\cdots+u0$ ,
(10)
$V=V’B^{m’}+V’’$ , $V’=v_{m}B^{m-m’}+\cdots+v_{m’}$ , $V”=v_{m’-1}B^{m’-1}+\cdots+v\mathit{0}$.
$U$ $V$ $m/2$
Step 1: $m’\simeq m/2$ $U’$ $V’$ $m/4$
Step 2: $U”,$ $V”$ $3m/4$ $\tilde{U},\overline{V}$
Step 3: $m’\simeq m/4$ $\tilde{U}$ $\tilde{V}$ $m/4$
Step 1 $U’$ $V’$ $m/4$ 2 $m/4$
$\hat{U}’$ $\hat{V}’$
$\hat{U}’=c_{u}’U’+d_{u}’V’$ , $\hat{V},$ $=d_{v}U’+d_{v}’V’$ . (11)
$c_{u}’,d_{u}’,$ $c_{v}’,d_{v}’$ $m/4$ Step 2 $\tilde{U}$ $\tilde{V}$
$\tilde{U}=c_{u}’U+d_{u}’V$ $=$ $\hat{U}’B^{m’}+c_{u}’U’’+d_{u}’V$”,
(12)
$\tilde{V}=c_{v}’U+d_{v}’V$ $=$ $\hat{V}’B^{m’}+d_{v}U’’+d_{v}’V’’$ .
$\tilde{U}$ $\tilde{V}$ $3m/4$ ( ) Step 2
Step 3 $\hat{U}’’$ $\hat{V}’’$ $m/2$ $m/4$ $\mathrm{f}\underline{\mathrm{f}\mathrm{l}/\mathrm{f}\mathrm{i}^{\neq}\langle}$
$2$ $m/2$ $\hat{U},\hat{V}$
$\hat{U}=d_{u}’\tilde{U}+d_{u}’’\tilde{V}$ , $\hat{V}=c_{v}’’\tilde{U}+d_{v}’’\tilde{V}$ . (13)
$c_{u}’’,$ $d_{u}’’,$ $c_{v}’’,$ $d_{v}’’$ $m/4$ $\hat{U}$ $\hat{V}$ $U$ $V$
$\hat{U}=\hat{c}_{u}U+\hat{d}_{u}V$, $\hat{c}_{u}=d_{u}’d_{u}+d_{u}’’c_{v}’$ , $\hat{d}_{u}=c_{u}’’d_{u}’+d_{u}’’ d_{v}’$ ,
(14)
$\hat{V}=\hat{c}_{v}U+\hat{d}_{v}V$, $\hat{c}_{v}=c_{v}’’d_{u}+d_{v}’’d_{v}$ , $\hat{d}_{v}=d_{v}’d_{u}’+d_{v}’’d_{v}’$ .





$s_{i}$ $c_{i}$ $D_{i}$ (4) $(Q_{1},$ $Q_{2},$ $\cdots$ ,
$Q_{n-1})$ 2 1 : $U\gg V$
$U$ $V$ 2 : $U’,$ $V’$ $U,$ $V$
$v_{m}\neq 0$ $V$ 0
:($U’$ ) $\simeq$ ( $V’$ ) $\gg 1$
(10)
2 $U_{0}=U,$ $U_{1}=V$ $(U_{0}, U_{1}, \cdots, U_{\nu-1}, U_{\nu}, U_{\nu+1})$
( $q_{1},$ $\cdots$ , q -l, $q_{\nu}$ ) $U_{0}’=U’,$ $U_{1}’=V’$ $(U_{0}’, U\mathrm{i}, \cdots, U_{\nu-1}’, U_{\nu}’, U_{\nu+1}’)$
($q_{1}’,$ $\cdots,$ $q_{\nu-1}’$ , q9) $(c_{0}’, c_{1}’, \cdots, d_{\nu-1}, c_{\nu}’, c_{\nu+1}’),$ $(d_{0}’, d_{1}’, \cdots, d_{\nu-1}’, d_{\nu}’,d_{\nu+1}’)$
$U_{0},$ $U_{1}$
$(q_{1}, q_{2}, \cdots)$ $(q_{1}’, q_{2}’, \cdots)$
$q:=q_{i}’$ $(i=1, \cdots, \nu-1)$ , $q_{\nu}\neq q_{\nu}’$ . (15)
$U$ $V$ (10) $U’,$ $V’$
$U=(U’+\epsilon_{u})\mathrm{x}B^{m’}$ , $V=(V’+\epsilon_{v})\mathrm{x}B^{m’}$ , $1>\epsilon_{u},\epsilon_{v}\geq 0$ . (16)
$\epsilon_{u}$ $\Xi_{v}$ ’ $=(u_{m’-1}+1)/B,$ $\epsilon_{v}=(v_{m’-1}+1)/B$
1
$(U_{0}’, U_{1}’, \cdots, U_{\nu-1}’, U_{\nu}’, U_{\nu+1}’)$
for $j<\nu$ : $-(c_{j+1}’\epsilon_{u}+d_{j+1}’\epsilon_{v})\leq U_{j+1}’<U_{j}’-(d_{j+1}.-d_{j})\epsilon_{u}-(d_{j+1}’-d_{j}’)\epsilon_{v}$ ,
(17)
$-(d_{\nu+1}\epsilon_{u}+d_{\nu+1}’\epsilon_{v})>U_{\nu+1}’$ or $U_{\nu+1}’\geq U_{\nu}’-(d_{\nu+1}-c_{\nu}’)\epsilon_{u}-(d_{\nu+1}’-d_{\nu}’)\epsilon_{v}$ .
(15)
$i=1,$ $\ldots,j-1$ $q:=q_{i}’$ $i=j$
$\mathrm{c}’\dot{.}U’+d_{\dot{\iota}}’V’=U_{i}’$ , $c_{*}’.U+d_{i}’V=U_{\dot{l}}$ $\langle i=1,2,$ $\ldots,j)$
$U_{j+1}$









$q_{j}=q_{j}’$ $0\leq \mathrm{r}\mathrm{e}\mathrm{m}(U_{j-1}, U_{j})<U_{j}$
0 $\leq U_{j+1}’+c_{j+1}’\epsilon_{u}+d_{j+1}’\epsilon_{v}<U_{j}’+c_{j}\epsilon_{u}+d_{j}\epsilon_{v}$. (18)
$q_{j}\neq q_{j}’$
if $q_{j}>q_{j}’$ : $U_{j+1}’+c_{j+1}’\epsilon_{u}+d_{j+1}’\epsilon_{v}\geq U_{j}’+c_{j}’\epsilon_{u}+d_{j}’\epsilon_{v}$ ,
if $q_{j}<q_{j}’$ : $U_{j+1}’+c_{j+1}’\epsilon_{u}+d_{j+1}’\epsilon_{v}<0$ .




$V’$ ( $m’$ )
2
$m’$ $\mathrm{q}\mathrm{u}\mathrm{o}(U, V)=\mathrm{q}\mathrm{u}\mathrm{o}(U’, V’)$
$\mathrm{q}\mathrm{u}\mathrm{o}(U’, V’)\epsilon_{v}\leq \mathrm{r}\mathrm{e}\mathrm{m}(U’, V’)<V’+\mathrm{q}\mathrm{u}\mathrm{o}(U’, V’)\epsilon_{v}-1$. (19)
$q=\mathrm{q}\mathrm{u}\mathrm{o}(U, V),$ $q’=\mathrm{q}\mathrm{u}\mathrm{o}(U’, V’)$ $U$ $V$
$U=(U’+\epsilon_{u})\mathrm{x}B^{m’}$ , $V=(V’+\epsilon_{v})\mathrm{x}B^{m’}$ , $1>\epsilon_{u},\epsilon_{v}\geq 0$ . (20)
$\mathrm{r}\mathrm{e}\mathrm{m}(U, V)=U-qV=[(U’-qV’)+\epsilon_{u}-q\epsilon_{v}]B^{m’}=[(U’-q’V’)+\epsilon_{u}-q’\epsilon_{v}+(q’-q)(V’+\epsilon_{v})]B^{m’}$
$U’-q’ V’=\mathrm{r}\mathrm{e}\mathrm{m}(U’, V’)$
$q=q’$ $0\leq \mathrm{r}\mathrm{e}\mathrm{m}(U, V)<V$
$0\leq \mathrm{r}\mathrm{e}\mathrm{m}(U’, V’)+\epsilon_{u}-q’\epsilon_{v}<V’+\epsilon_{v}$ . (21)
$q\neq q’$
if $q>q’$ : $\mathrm{r}\mathrm{e}\mathrm{m}(U’, V’)+\epsilon_{u}-q’\epsilon_{v}\geq V’+\epsilon_{v}$,
if $q<q’$ : $\mathrm{r}\mathrm{e}\mathrm{m}(U’, V’)+\epsilon_{u}-q’\epsilon_{v}<0$ .
(21) (21) l (19)
$m_{1}$ $m_{2}$ $M(m_{1},m_{2})$
$T(k)$ Step I $T(k/2)_{\text{ }}$ Step $4M(k/4, k/2)_{\text{ }}$
Step 3 (14) $T(k/2)+4M(k/4,3k/4)+8M(k/4, k/4)$
.
$T(k)=2T(k/2)+4M(k/4, k/2)+8M(k/4, k/4)+4M(k/4,3k/4)$ . (22)
$M(k/4,3k/4)\leq 3/2M(k/4, k/2)\leq 3M(k/4, k/4)$
$T(k) \leq 2^{\log_{2}k}T(1)+7\int_{1}^{\log_{2}k}2^{x+1}M(k/2^{x+1}, k/2^{x+1})dx$






3. $B$ $B=10^{8}$ $B=2^{24}$
Euclid Lehmer
10
$k$ Lehmer $k$ Lehmer
Euclid Euclid Lehmer
$\mathrm{x}$ $1/10\sim 1/15$ Lehmer
$k$
$\mathrm{O}\mathrm{S}$ : Linux 2217 (Vine Linux) : $320\mathrm{M}\mathrm{B}_{\text{ }}$ CPU :Pentium $\mathrm{I}\mathrm{I}300\mathrm{M}\mathrm{H}\mathrm{z}$.
( $U,$ $V$ $k$ $(1\mathrm{O}\mathrm{O}\leq k\leq 1\mathrm{O}\mathrm{O}\mathrm{O})$ $k/2$ )
–
Euclid Lehmer $fi_{\mathrm{p}}^{\backslash }\rfloor\{\mathrm{i}\mathrm{E}\mathrm{I}\mathrm{R}$ Euclid Lehmer $k$ $\mathrm{Q}\rfloor$ $\#\mathrm{B}$
100 0.896 0.212 0.0530 0.778 0.213 0.0540
200 3.41 0.778 0.129 2.94 0.783 0.124
300 7.66 1.70 0.220 6.56 1.71 0.21
400 13.5 2.98 0.332 11.6 3.01 0.311
500 21.1 4.62 0.465 17.6 4.65 0.438
600 30.0 6.64 0.595 26.0 6.69 0.561
700 40.8 8.99 0.773 35.3 9.02 0.724
800 53.5 11.7 0.927 46.0 11.8 0.863
900 67.3 14.8 1.12 58.5 14.9 1.04
1000 83.2 18.2 1.34 71.7 18.3 1.26
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